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Country Year GDP Population

Ireland 1990 80 3.4
Ireland 1991 84 3.5
Ireland 1992 82 3.5
· · · · · · · · · · · ·

Germany 1990 132 80.1
Germany 1991 156 80.2

· · · · · · · · · · · ·
Netherlands 1990 102 16.5
Netherlands 1991 103 16.6

· · · · · · · · · · · ·
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yit = α+ x′itβ + εit

i = {1, 2, . . . ,N}

t = {1, 2, . . . ,T}

with i indicating the unit (country, individual, etc.) and t
indicating the time period (year, month, etc.).
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Panel data

yit = α+ x′itβ + εit

i = {1, 2, . . . ,N}

t = {1, 2, . . . ,T}

with i indicating the unit (country, individual, etc.) and t
indicating the time period (year, month, etc.).

It thus combines concerns with

Cross-sectional autocorrelation (cf. multilevel)

Temporal autocorrelation (cf. time-series)

Spatial autocorrelation
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Common both at micro-level (usually N >> T ) or macro-level
(usually T > N). In political science, the latter is sometimes called
Time-Series Cross-Section (TSCS) data.
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Panel data

Common both at micro-level (usually N >> T ) or macro-level
(usually T > N). In political science, the latter is sometimes called
Time-Series Cross-Section (TSCS) data.

Consistency behaviour differs, for different estimators, for N → ∞
or T → ∞.
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Fixed effects

A panel data structure is similar to a multilevel structure, but with
a time element.

Thus, we can think of the variation between units and within one
unit over time.

yit = αi + x′itβ + εit

Therefore, fixed unit effects are one way of dealing with the
between variation. E.g. controlling for “culture” in a macro-level
analysis.
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Fixed effects

As with multilevel data,

unit fixed effects cannot be combined with (near-)constant
unit-level variables (e.g. institutions);

unit fixed effects take away N − 1 degrees of freedom - T
needs to be sufficiently large;

unit fixed effects make it difficult to make out-of-sample
predictions.
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F -test

An F -test is possible to test whether the intercepts indeed vary:

(R2
FE − R2

Pooled)/(N − 1)

(1− R2
FE )/(NT − N − k)

∼ F (N − 1,NT − N − k)

(Greene 2002: 289)
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Time fixed effects

When common shocks are of concern, time fixed effects are
possible:

yit = γt + x′itβ + εit
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Time fixed effects

When common shocks are of concern, time fixed effects are
possible:

yit = γt + x′itβ + εit

And one can control for both at once:

yit = αi + γt + x′itβ + εit

This of course requires sufficiently large N and T .
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Unbalanced panels

While the algebra is complicated when fixed effects are applied to
an unbalanced panel (not all units are observed for all time
periods), the application is simple and the regular regression valid.

(Greene 2002: 293)
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Random effects

When we can assume αi and xit are uncorrelated, we can use
random effects.

yit = αi + x′itβ + εit

αi ∼ N(0, σ2
α)
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Breusch-Pagan LM test

Again, a test exists whether the intercepts indeed vary
(H0 : σ

2
µ = 0), the Breusch-Pagan LM test:

NT

2(T − 1)

[

∑N
i=1(

∑T
t=1 eit)

2

∑N
i=1

∑T
t=1 e

2
it

− 1

]2

∼ χ(1)

(Greene 2002: 299)
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Hausman test

The random effects model assumes that E (µixit) = 0. Whether
this is valid can be tested by looking at the differences in
coefficients between the random and fixed models, using a
Hausman test:

fe <- plm(inv ~ value + capital, data = Grunfeld,

model = "within")

re <- plm(inv ~ value + capital, data = Grunfeld,

model = "random")

phtest(fe, re)

With H0: both models are consistent.
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Selecting fixed or random (Dougherty)
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Panel-Corrected Standard Errors (PCSE)

A fixed effects model assumes that the residual variance is
constant across units and contains no autocorrelation.

Common problems:

E (ε2it) = σ2
i , E (ε

2
it) 6= E (ε2jt) (panel heteroscedasticity)

E (εitεjt) = σij , with E (εitεjs) = 0∀t 6= s (contemporaneously
correlated errors)
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Panel-Corrected Standard Errors (PCSE)

A fixed effects model assumes that the residual variance is
constant across units and contains no autocorrelation.

Common problems:

E (ε2it) = σ2
i , E (ε

2
it) 6= E (ε2jt) (panel heteroscedasticity)

E (εitεjt) = σij , with E (εitεjs) = 0∀t 6= s (contemporaneously
correlated errors)

Beck & Katz (1995) suggest to first estimate the OLS fixed effects
model and then correct the standard errors to take these into
account.
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Panel-Corrected Standard Errors (PCSE)

A fixed effects model assumes that the residual variance is
constant across units and contains no autocorrelation.

Common problems:

E (ε2it) = σ2
i , E (ε

2
it) 6= E (ε2jt) (panel heteroscedasticity)

E (εitεjt) = σij , with E (εitεjs) = 0∀t 6= s (contemporaneously
correlated errors)

Beck & Katz (1995) suggest to first estimate the OLS fixed effects
model and then correct the standard errors to take these into
account.

This is similar to White’s robust standard errors, but more efficient
due to stronger assumptions on panel structure.
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Panel-Corrected Standard Errors (PCSE)

Default variance-covariance matrix:

Ω = σ2INT =



















σ2 0 0 0 · · · 0
0 σ2 0 0 · · · 0
0 0 σ2 0 · · · 0
0 0 0 σ2 · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · σ2
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Panel-Corrected Standard Errors (PCSE)

White’s robust variance-covariance matrix:

Ω =



















σ̂2
1 0 0 0 · · · 0
0 σ̂2

2 0 0 · · · 0
0 0 σ̂2

3 0 · · · 0
0 0 0 σ̂2

4 · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · σ̂2

NT



















With the HCC0, HCC1, HCC2, HCC3 variations in estimating σ̂2
i .
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Panel-Corrected Standard Errors (PCSE)

PCSE variance-covariance matrix (N = 4):

Ω =



































σ̂2
1 0 0 0 σ̂2

12 0 0 0 · · · 0
0 σ̂2

1 0 0 0 σ̂2
12 0 0 · · · 0

0 0 σ̂2
1 0 0 0 σ̂2

12 0 · · · 0
0 0 0 σ̂2

1 0 0 0 σ̂2
12 · · · σ̂2

1N

σ̂2
12 0 0 0 σ̂2

2 0 0 0 · · · 0
0 σ̂2

12 0 0 0 σ̂2
2 0 0 · · · 0

0 0 σ̂2
12 0 0 0 σ̂2

2 0 · · · 0
0 0 0 σ̂2

12 0 0 0 σ̂2
2 · · · σ̂2

2N
...

...
...

...
...

...
...

...
. . .

...
0 0 0 σ̂2

1N 0 0 0 σ̂2
2N · · · σ̂2

N
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Example

A famous example dataset is the Grunfeld data:
inv gross investment
value market value of firm
capital value of stock of equipment / plant

for 10 firms (N = 10) over 20 years (T = 20).

library(plm)

data("Grunfeld", package = "plm")

head(Grunfeld)

Estimate the pooled, unit fixed, time fixed, random unit effects
models.

Test the fixed and random effects specifications.

Graphically inspect the regression results.
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Example

Between model (x̄i =
1
T

∑T
t=1 xit):

ȳi · = β0 + x̄′i ·β + εi

plm(inv ~ value + capital, data = Grunfeld,

model = "between", index = c("firm", year"))
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Example

Pooled model:

lm(inv ~ value + capital, data = Grunfeld)

Firm fixed effects:

lm(inv ~ value + capital + factor(firm), data = Grunfeld)

plm(inv ~ value + capital, data = Grunfeld,

model = "within", index = c("firm", "year"))
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Example

F -test for fixed effects:

m.pooled <- plm(inv ~ value + capital, data = Grunfeld,

model = "pooling", index = c("firm", "year"))

m.fe <- plm(inv ~ value + capital, data = Grunfeld,

model = "within", index = c("firm", "year"))

pFtest(m.fe, m.pooled)

Johan A. Elkink panel data
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Example

Double fixed effects (“two-way error component models”):

lm(inv ~ value + firm + factor(firm) + factor(year),

data = Grunfeld)

plm(inv ~ value + firm, data = Grunfeld,

model = "within", index = c("firm", "year"),

effect = "twoways")

Johan A. Elkink panel data
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Example

Random effects:

lmer(inv ~ value + firm + (1|firm), data = Grunfeld)

plm(inv ~ value + firm, data = Grunfeld,

model = "random", index = c("firm", "year"))

pbgtest(inv ~ value + firm, data = Grunfeld,

model = "random", index = c("firm", "year"))

Johan A. Elkink panel data
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Example

PCSE:

library(pcse)

m.ols <- lm(inv ~ value + capital, data = Grunfeld)

m.pcse <- pcse(m.ols, Grunfeld$firm, Grunfeld$year)

summary(m.pcse)

m.fe <- lm(inv ~ value + capital + factor(firm),

data = Grunfeld)

m.pcse.fe <- pcse(m.fe, Grunfeld$firm, Grunfeld$year)

summary(m.pcse.fe)

Johan A. Elkink panel data
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Autocorrelation

Fixed effects, random effects, and PCSEs all deal with panel
heterogeneity or intra-unit correlation.

In some cases, the time dimension can be more difficult to
estimate or interpret.
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Durbin-Watson test

(From autocorrelation class.)

d =

∑T
t=2(et − et−1)

2

∑T
t=1 e

2
t

If ρ = cor(εt , εt−1) and ρ̂ = cor(et , et−1), then d ≈ 2(1− ρ̂).
Thus, if d is close to 0 or 4, there is high first-order serial
autocorrelation.

Note that E (d) ≈ 2 + 2(k−1)
n−k

, thus biased.
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Durbin-Watson test

Tests for autocorrelation in the residuals. For panel data:

library(plm)

re <- plm(inv ~ value + capital, data = Grunfeld,

model = "random")

pdwtest(re, alternative = "two.sided")
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Durbin-Watson test

Tests for autocorrelation in the residuals. For panel data:

library(plm)

re <- plm(inv ~ value + capital, data = Grunfeld,

model = "random")

pdwtest(re, alternative = "two.sided")

This test should also be performed after estimating a dynamic
model.
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Lagged dependent variable

A straightforward way of modeling time dependence is adding a
lagged dependent variable:

yit = αi + x′itβ + ρyi ,t−1 + εit
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Lagged dependent variable

A straightforward way of modeling time dependence is adding a
lagged dependent variable:

yit = αi + x′itβ + ρyi ,t−1 + εit

In this case, εit is by definition correlated with one of the
independent variables (yi ,t−1).
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Lagged dependent variable

A straightforward way of modeling time dependence is adding a
lagged dependent variable:

yit = αi + x′itβ + ρyi ,t−1 + εit

In this case, εit is by definition correlated with one of the
independent variables (yi ,t−1).

The OLS estimation is biased, but consistent as T → ∞. Hence,
this is problematic with large N, but small T .

(Greene 2002: 307)
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Arellano-Bond GMM estimator

First, the data is first-differenced to get rid of unit fixed effects:

yit = αi + x′itβ + ρyi ,t−1 + εit

∆yit = ∆x′itβ + ρ∆yi ,t−1 +∆εit

OLS is inconsistent because E (∆εit∆yi ,t−1) 6= 0. An instrumental

variable model can fix this, with lags depending on t:

t = 3 : y1

t = 4 : y1, y2

t = 5 : y1, y2, y3

(GMM and IV estimators are beyond the scope of this course)
Johan A. Elkink panel data
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Arellano-Bond GMM estimator

This estimator is primarily useful for N >> T , such that it is
consistent for T fixed, N → ∞.

It is implemented in R using the pgmm() function - see plm
documentation for an example.
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Arellano-Bond GMM estimator

This estimator is primarily useful for N >> T , such that it is
consistent for T fixed, N → ∞.

It is implemented in R using the pgmm() function - see plm
documentation for an example.

In political science, we more often deal with T > N.
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Example

Using the Crime example data, with N = 90, T = 7, and the
following variables:
county County identifier
year Year identified (1981-1987)
crmrte Crimes committed per person
prbarr Arrests per crime
prbconv Convictions per arrest
prbpris Prison sentences per conviction
avgsen Average sentence in days
density People per square mile

log crmrte it =αi + βa log prbarr + βc log prbconv + βp log prbpris

+ βs log avgsen + βd log density + γt + εit
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Fixed effects model:

data(Crime, package = "plm")

plm(log(crmrte) ~ log(prbarr) + log(prbconv)

+ log(prbpris) + log(avgsen) + log(density),

data = Crime, effects = "twoways")
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Adding lagged dependent variable:

plm(log(crmrte) ~ log(prbarr) + log(prbconv)

+ log(prbpris) + log(avgsen) + log(density)

+ lag(log(crmrte)), data = Crime,

effects = "twoways")

But this is inconsistent, since T is small.
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Adding lagged dependent variable:

pgmm(log(crmrte) ~ log(prbarr) + log(prbconv)

+ log(prbpris) + log(avgsen) + log(density)

+ lag(log(crmrte)) | lag(log(crmrte), 2:99),

data = Crime, effects = "twoways")

This implements the Arellano-Bond estimator with the time lags as
instruments.
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Error correction model

(From time-series class)

yi = α+ β1yt−1 + γ0xt + γ1xt−1 + ut

∆yt = α+ (β1 − 1)yt−1 + γ0xt + γ1xt−1 + ut

= α+ (β1 − 1)(yt−1 +
γ0 + γ1
β1 − 1

xt−1) + γ0∆xt + ut

= α+ (β1 − 1)(yt−1 − λxt−1) + γ0∆xt + ut ,

with λ = γ0+γ1
1−β1

, the long-run multiplier.

(Davidson & MacKinnon 1993: 683; Greene 2003: 579)
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Error correction model

yit = αi + ρyi ,t−1 + x′itβ + x′i ,t−1γ + εit

∆yit = αi + (ρ− 1)yi ,t−1 + x′itβ + x′i ,t−1γ + εit

= αi + (ρ− 1)(yi ,t−1 +
1

ρ− 1
x′i ,t−1(β + γ)) + ∆x′itγ + εit

= αi + (ρ− 1)(yi ,t−1 − x′i ,t−1λ) + ∆x′itγ + εit ,

with λ = 1
1−ρ

(β + γ), the long-run multiplier.
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Error correction model

yit = αi + ρyi ,t−1 + x′itβ + x′i ,t−1γ + εit

∆yit = αi + (ρ− 1)yi ,t−1 + x′itβ + x′i ,t−1γ + εit

= αi + (ρ− 1)(yi ,t−1 +
1

ρ− 1
x′i ,t−1(β + γ)) + ∆x′itγ + εit

= αi + (ρ− 1)(yi ,t−1 − x′i ,t−1λ) + ∆x′itγ + εit ,

with λ = 1
1−ρ

(β + γ), the long-run multiplier.

This can be estimated by:

Using the original equation (possibly Arellano-Bond GMM)

Using a non-linear estimator and estimate the error-correction
specification directly
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Error correction model

Examples:

Steven M. Fish & Omar Choudhry (2007), “Democratization
and economic liberalization in the Postcommunist world”,
Comparative Political Studies, 40:3, 254-282.

Jordan Gans-Morse & Simeon Nichter (2008), “Economic
reforms and democracy: Evidence of a J-curve in Latin
America”, Comparative Political Studies, 41:10, 1398-1426.
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Error correction model: example

(Gans-Morse & Nichter 2008: 1416)
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Logit and probit

When T fixed, N → ∞, a fixed effects specification like

yit = αi + x′itβ + εit

is infeasible, as the number of parameters increases with N.

With linear models, this can be handled by taking first-differences.

In logit or probit, all coefficients interact, so this cannot work.
Solutions are beyond the scope of this class.

With N fixed, T → ∞, problems are not major.
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Markov chains

When the dependent variable is categorical, there are different
ways of modeling this (e.g. survival analysis). One approach is
that of a Markov chain.
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Markov chains

When the dependent variable is categorical, there are different
ways of modeling this (e.g. survival analysis). One approach is
that of a Markov chain.
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Markov chains

When the dependent variable is categorical, there are different
ways of modeling this (e.g. survival analysis). One approach is
that of a Markov chain.

Transition matrix:
∣

∣

∣

∣

π11 π01
π10 π00

∣

∣

∣

∣

=

∣

∣

∣

∣

Pr(yit = 1|yi ,t−1 = 1) Pr(yit = 1|yi ,t−1 = 0)
Pr(yit = 0|yi ,t−1 = 1) Pr(yit = 0|yi ,t−1 = 0)

∣

∣

∣

∣

Johan A. Elkink panel data



Introduction
Random and fixed effects

Dynamic models
Limited dependent variables

Exercise

Logit and probit
Markov chain models

Markov chains

Pr(yit = 1) = F(yi ,t−1(Xtβ) + (1− yi ,t−1)(Xtα))
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Pr(yit = 1) = F(yi ,t−1(Xtβ) + (1− yi ,t−1)(Xtα))

F() can be a logistic or probit transformation.

For examples:

Adam Przeworski & Fernando Limongi (1997), “Modernization:
theories and facts.” World Politics 49:2, 155-183.

Kristian S. Gleditsch & Michael D. Ward (2006), “Diffusion and the
international context of democratization.” International
Organization 60:4, 911-933.

Johan A. Elkink (2011), “Spatial, temporal and spatio-temporal
clustering of democracy”, unpublished working paper.
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Exercise

data(Cigar, package = "plm")

Estimate dynamic models with fixed or random effects investigating

log salesit =αi + γt + β0 log salesi ,t−1 + β1 log priceit + β2 log ndiit

+ β3 log piminit + εit

(Baltagi, Griffin & Xiong 2000: 118)
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